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Abstract. We give 25 new equilateral triangles perspective to the reference tri-
angle. These equilateral triangle associated with some special points and some
hyperbola, for example Fermat points, Isodynamic points, Symmedian point, Mor-
ley centers, isogonal conjugate point, Kiepert hyperbola, Morley hyperbola.
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1. SOME EQUILATERAL TRIANGLES PERSPECTIVE TO TRIANGLE ABC
ASSOCIATED WITH THE FERMAT POINTS AND KIEPERT HYPERBOLA

Theorem 1.1. Let ABC be a triangle, F' be the fist Fermat point. Circle (FBC')
meets AC, AB again at Ay, A.. Define B., B,, C,, Cy cyclically. Let A, B’,
C" be centers of three circles (AB.Cy), (BC,A:), (CAyB,) respectively. Then
triangle A'B'C" is equilateral and perspective to ABC', the perspector is X (4).
ABC' orthologic to A'B'C" the orthologic center is X (13). Center of A’B'C" is
X (381). A'B'C" is reflection of the outer Napoleon triangle in X (5).

Theorem 1.2. Let ABC' be a triangle, F be the second Fermat point. Circle
(FBC) meets AC, AB again at Ay, A. respectively. Define B., B,, Cy, Cy cycli-
cally. Let A', B', C'" be centers of three circles (AB.Cy), (BC,A.), (CAyB,)
respectively. Then triangle A'B'C" is equilateral and perspective to ABC, the per-
spector is X (4). ABC orthologic to A’B'C" the orthologic center is X (13). Center
of AAB'C" is X (381). A'B'C" is reflection of the inner Napoleon triangle in X (5).

You can see more above Theorem 1.1 and Theorem 1.2 in [I].

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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FIGURE 1. Theorem 1.1 and Theorem 1.2

Theorem 1.3. Let ABC be a triangle, F' be the fist Fermat point. Circle (FBC')
meets AC, AB again at Ay, A. respectively. Define B., B,, C,, Cy cyclically.
Let A, B, C" be centroids of three triangles AB.Cy, BC,A., CAyB, respectively.
Then triangle A'B'C" is equilateral and perspective to ABC, the perspector is
X(6).

Theorem 1.4. Let ABC be a triangle, F be the second Fermat point. Circle
(FBC) meets AC, AB again at Ay, A.. Define B., B,, C,, Cy cyclically. Let A',
B, C" be centroids of three triangles AB.C,, BCaAc, CAbBa respectively. Then
triangle A’B'C" is equilateral and perspective to ABC, the perspector is X (6).

FIGURE 2. Theorem 1.3 and Theorem 1.4

You can see more above Theorem 1.3 and Theorem 1.4 in [2].
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Theorem 1.5. Let ABC' be a triangle and A'B'C" is outer (or inner) Fermat
triangle, Let t be a real number with t > 0. Let L, be the radical line of two
circles (A,t) and (A, BC). Define Ly, L. cyclically. Let A” = L, N L. ; define
B", C" cyclically. Then triangle A" B"C" is equilateral and perspetive to ABC,
the perspector lies on the Kiepert hyperbola.

FIGURE 3. Theorem 1.5

Theorem 1.6. Let ABC be a triangle and A'B'C" is outer (or inner) Fermat
triangle. Let L, be the polar line of A respect to (A’, BC'). Define Ly, L. cyclically.
Let A” = Ly N L.. Define B"”, C" cyclically. Then triangle A”B"C" is equilateral
and perspetive to ABC, the perspector lies on the Kiepert hyperbola.

FIGURE 4. Theorem 1.6

You can see more above Theorem 1.6 in [3].
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Theorem 1.7 ([9]). Let ABC be a triangle, A'B'C" is the inner (or outer) Fermat
triangle, P be a point in the plane. Let A", B", C" are reflection of A’, B, C’
in P respectively. Let Ay, By, Cy are the midpoints of AA”, BB", CC". Then
AgBoCy is an equilateral triangle. The side length AygBy is independent of P.

Theorem 1.8 ([9]). Let ABC be a triangle, A'B'C" is the inner (or outer) Fermat
triangle, P be a point in the plane. Let A", B”, C" are reflection of A, B, C in
P respectively. Let Ay, By, Cy are the midpoints of A’A”, B'B", C'C". Then
AgBoCy is an equilateral triangle. The side length AygBy is independent of P.

FIGURE 5. Theorem 1.7 and Theorem 1.8

You can see more properties of inner and outer Fermat triangle in [10].

Theorem 1.9. Let ABC' be a triangle, F' be the first (or second) Fermat point
and A', B', C" be three points on the Fermat lines AF, BF, C'F respectively so

that AA' = BB' = CC'. Let Ay, By, Cy be the centroids of ABCA', NCAB’
ANABC' respectively, then

1. AgBoCy is an equilateral triangle

2. Two triangles AgByCy, ABC' are perspective.

FIGURE 6. Theorem 1.9

You can see more properties in the configuration of Theorem 1.9 in [I1].
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2. SOME EQUILATERAL TRIANGLES PERSPECTIVE TO ABC ASSOCIATED
WITH THE ISODYNAMIC POINTS

Theorem 2.1. Let ABC be a triangle, Let P be the first (or the second) isody-
namic point. The tangent line of (BPC') at P meets circles (APB), (APC) again
at A., Ay respectively. Define B, By, Cy, Cy, cyclically. Let C'B, meets BCy at A’,
define B',C" cyclically, then A'B'C" is an equilateral triangle.

Cy

1 % N

FI1GURE 7. Theorem 2.1

Theorem 2.2. Let ABC be a triangle, P is the firt (or the second) Isodynamic
point. The circle (B, BP) meets the circle (C,CP) again at A’, define B',C’
cyclically, then A'B'C" form an equilateral triangle with center is the first (or
second) Fermat point.

FIGURE 8. Theorem 2.2

You can see more above Theorem 2.2 in Eﬂ
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3. SOME EQUILATERAL TRIANGLES PERSPECTIVE TO ABC ASSOCIATED
WITH THE SYMMEDIANS POINT

Theorem 3.1. Let ABC' be a triangle, points B,,C, be chosen on BC', points
Cy, Ay, be chosen on C'A, points A., B¢ be chosen on AB such that B, Ay, C,A., CyB.
through the symmedian point and parallel to BC', C'A, AB respectively. Construct
equilateral AyA’A., B.B'B,, C,C'Cy, all outwards. Then triangle A'B'C" is equi-
lateral and perspective to ABC. The perspector is the second Fermat point. The
circumcircle (A'B'C") tangent to the inner Napoleon triangle at the second Fermat
point. The orthologic center of A’B'C" to ABC is the Symmedian point.

FIGURE 9. Theorem 4

Theorem 3.2. Let ABC' be a triangle, points B,,C, be chosen on BC, points
Cy, Ay be chosen on C' A, points A., Bc be chosen on AB such that B, Ay, C, A., Cy B,
through the symmedian point and parallel to BC', C A, AB respectively. Construct
equilateral AyA'A., B.B'B,, C,C'Cy all inwards. Then triangle A'B'C" is equi-
lateral and perspective to ABC. The perspector is the first Fermat point. The
circumcircle (A'B'C") tangent to the inner Napoleon triangle at the first Fermat
point. The orthologic center of A’B'C" to ABC' is the Symmedian point.

FIGURE 10. Theorem 4

You can see more above Theorem 3.1 and Theorem 3.2 in [5]
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4. SOME EQUILATERAL TRIANGLES PERSPECTIVE TO ABC ASSOCIATED
WITH THE MORLEY CENTERS AND MORLEY HYPERBOLA

Theorem 4.1 ([6]). Let ABC be a triangle, A'B'C" be the orthic triangle. Let BC
meets B'C" at Ay. Define By, Cy cyclically. The angle trisection of Z(BC,B'C")
meets AB, AC at A., Ay respectively Such that Z(AyA., BC) = §L(AbAc, B'C").
Define B.., B,, C,, Cy cyclically.

1. Then six points Ay, A., Be, By, Cq, Cy lie on a circle.

2. Let A”B"C" be the triangle fomed by AyA., B.B,, C,Cy,. Then A"B"C" is

equilateral and persepctive to ABC' and orthic triangle.

FIGURE 11. Theorem 4.1

Theorem 4.2. Let ABC be a triangle and A'B'C" be a Morley triangle of triangle
ABC. Let A", B", C" be the centers of three circles (BCA'), (CAB’), (BAC").
Then the centroid of Morley triangle is the Fermat point of triangle A" B"C"

Theorem 4.3. Let ABC be a triangle, let A’B'C" be the first Morley triangle (or
the second Morley triangle, or the third Morley trianhle). Let B,, C, on BC' such
that A’ B,C, be an equilateral triangle. Define Cy, Ay, A, B. cyclically. Let A",
B”, C" be the midpoints of AyA., B.B,, C,Cy respectively. Then triangle A" B"C"
is equilateral triangle and perspective to ABC. A”B"C" homothetic to the Morley
triangle.

FIGURE 12. Theorem 4.3

You can see more above Theorem 4.3 in [7] and the Morley hyperbola in [§].
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5. SOME EQUILATERAL TRIANGLES PERSPECTIVE TO ABC ASSOCIATED
WITH THE ISOGONAL CONJUGATE POINTS

Theorem 5.1. Let P be a point in the plane of a triangle ABC. Let B, and C, be
points on BC such that the triangle PB,C,, is equilateral. Define the pairs Cy, A,
and Ay, B, cyclically. A’ be the point such that A’ AyA. be an equilateral triangle
and A'AyA. the same orientation than ABC. Define B', C' cyclically. Then
triangle A'B'C" is equilateral and perspective to ABC, the perspector is isogonal
conjugate of P.

FIGURE 13. Theorem 5.1
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